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We construct a scalar ﬁeld based cosmological model, possessing a cosmological singularity characterized
by a ﬁnite value of the cosmological radius and an inﬁnite scalar curvature. Using the methods of the
qualitative theory of differential equations, we give a complete description of the cosmological evolutions
in the model under consideration. There are four classes of evolutions, two of which have ﬁnite lifetimes,
while the other two undergo an inﬁnite expansion. We discuss also the relation between the dynamics
of the model and the intermediate inﬂation phenomenology.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction
The discovery of the phenomenon of cosmic acceleration [1]
has stimulated a study of a huge variety of cosmological mod-
els, based on perfect ﬂuids, scalar ﬁelds, tachyons, etc., [2]. The
cosmological models based on scalar ﬁelds have a long history,
being used for exploration of possible inﬂationary scenarios [3]
and for description of dark energy [4]. This has attracted a special
attention to the technique of reconstruction of scalar potentials re-
producing a given cosmological evolution [5–7].
On the other hand this development of model-designing art has
revealed cosmological evolutions possessing various types of sin-
gularities, sometimes very different from the traditional Big Bang
and Big Crunch. The most popular between them is, perhaps, the
Big Rip cosmological singularity [8,9] arising in superaccelerating
models driven by some kind of phantom matter [10]. Other types
of singularities are sudden singularities [11], Big Brake [12], and
so on [13]. Here we would like to study the singularities which
are close to the known Big Bang, Big Crunch and Big Rip singulari-
ties, but arising at ﬁnite values of the cosmological factor (different
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Open access under CC BY license.from zero and inﬁnity as well). Similar singularities were recently
considered in [14].
In the present Letter we construct potentials which can drive
the cosmological evolution towards (or from) such singularities.
Combining qualitative and numerical methods we study the set of
possible cosmological histories in the suggested models to show
that the presence of such singularities in a cosmological model
under consideration depends essentially on initial conditions and
that the same model can accommodate qualitatively different cos-
mological scenarios.
The structure of the Letter is the following: in Section 2 we
construct some potentials corresponding to evolutions with “soft”
singularities; we discuss also the last results in the study of inter-
mediate inﬂation models [7] and their relation with observations.
In the third section we analyze their dynamics. The conclusion is
devoted to an interpretation of the obtained results.
2. Construction of scalar ﬁeld potentials
We shall consider ﬂat Friedmann models with the metric
ds2 = dt2 − a2(t)dl2. (1)
The Hubble parameter h(t) ≡ a˙/a satisﬁes the Friedmann equation
h2 = ε, (2)
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the Newton constant (8πG/3 = 1) is chosen. Differentiating equa-
tion (2) and using the energy conservation equation
ε˙ = −3h(ε + p), (3)
where p is the pressure, one comes to
h˙ = −3
2
(ε + p). (4)
If the matter is represented by a spatially homogeneous minimally
coupled scalar ﬁeld, then the energy density and the pressure are
given by the formulae
ε = 1
2
φ˙2 + V (φ), (5)
p = 1
2
φ˙2 − V (φ), (6)
where V (φ) is a scalar ﬁeld potential. Combining Eqs. (2), (4), (5),
(6) we have
V = h˙
3
+ h2, (7)
and
φ˙2 = −2
3
h˙. (8)
Eq. (7) represents the potential as a function of time t . Integrating
Eq. (8) one can ﬁnd the scalar ﬁeld as a function of time. Inverting
this dependence we can obtain the time parameter as a function
of φ and substituting the corresponding formula into Eq. (7) one
arrives to the uniquely reconstructed potential V (φ). It is neces-
sary to stress that this potential reproduces a given cosmological
evolution only for some special choice of initial conditions on the
scalar ﬁeld and its time derivative.
It is known that the power-law cosmological evolution is given
by the Hubble parameter h(t) ∼ 1t . We shall look for a “softer”
version of the cosmological evolution given by the law
h(t) = S
tα
, (9)
where S is a positive constant and 0 < α < 1. At t = 0 a singu-
larity is present, but it is different from the traditional Big Bang
singularity. Indeed, integrating we obtain
ln
a(t)
a(0)
= S
1− α t
1−α. (10)
If t > 0 the right-hand side of Eq. (10) is ﬁnite and hence one can-
not have a(0) = 0 in the left-hand side of this equation, because
it would imply a contradiction, making ln a(t)a(0) divergent. Hence
a(0) > 0, while
a˙ = a(0) S
tα
exp
(
S
1− α t
1−α
)
−→
t→0 ∞. (11)
This type of singularity can be called soft Bing Bang singularity
because the cosmological radius is ﬁnite (and non-zero) while its
time derivative, the Hubble variable and the scalar curvature are
singular. It is interesting to note that when t → ∞ both a(t) and
a˙(t) tend to inﬁnity, but they do not encounter any cosmological
singularity because the Hubble variable and its derivatives tend to
zero.
Let us reconstruct the potential of the scalar ﬁeld model, pro-
ducing the cosmological evolution (9) using the technique de-
scribed above. Eq. (8) gives
φ˙ = ±
√
2
αS t−
α+1
2 . (12)3We shall choose the positive sign, without loosing generality. Inte-
grating, we get
φ(t) =
√
2
3
αS
2t
1−α
2
1− α , (13)
up to an arbitrary constant. Inverting the last relation we ﬁnd
t(φ) =
((
3
2αS
)1/2 1− α
2
φ
) 2
1−α
. (14)
Hence, using Eq. (7) we obtain
V (φ) = S
2
(
√
3
2αS
1−α
2 φ)
4α
1−α
− αS
3(
√
3
2αS
1−α
2 φ)
2(α+1)
1−α
. (15)
This potential provides the cosmological evolution (9) if initial con-
ditions compatible with Eqs. (12) and (13) are chosen. Naturally,
there are also other cosmological evolutions, generated by other
initial conditions, which will be studied in the next section.
It is important to say that the potential of this type (15) with
the same exact solution was ﬁrst considered in the paper by Bar-
row [7], where it was presented as a model, providing the inter-
mediate inﬂation. (The word “intermediate” refers to the fact that
the Hubble parameter is decreasing in contrast to the de Sitter
inﬂation, but it decreases slower (9) than that of power-law inﬂa-
tion.) The theory of intermediate inﬂation was further developed
in [15–17]. In particular, the power spectrum for different values
of the parameter α were studied. In these papers a simpler ap-
proximation to the full potential was considered. It included only
the positive term in the potential (15). This term dominates the
second terms in the slow-roll approximation at large values of φ.
Such potential does not possess an exact solution, however it is
of interest because it coincides with largely studied quintessential
potential [18]. Moreover, it is convenient for the calculation of the
spectral index nS and the scalar-tensor relation r (in [7,15–17] the
other normalization of the Newton constant is chosen: 8πG = 1).
For the parametrization of degrees of the scalar ﬁeld there were
used the index β which is related to our index α as
α = β
4+ β . (16)
It was shown that both the spectral index and the scalar-tensor
ratio are inversely proportional to the scalar ﬁeld squared [16]. We
shall rewrite their relations in terms of our parameter α:
nS = 1− 8α(3α − 1)
(1− α)2φ2 , (17)
r = 128α
2
(1− α)2 . (18)
The Harrison–Zeldovich spectrum arises when our index α is
equal to 1/3 (β = 2). In the recent paper [17] the prediction of
the model were confronted with the results of three-year WMAP
observations [19]. It was shown that the values of α > 1/3 are
compatible with observations (in terms of [7] β > 2). The relation
between the perturbation spectra and other exotic potentials were
recently studied in [20]. Thus, the intermediate inﬂation cosmol-
ogy and related models have been attracting growing attention of
researchers.
In the present work we were mainly interested in other proper-
ties of models with potentials (15)—the structure of their cosmo-
logical singularities and the classiﬁcation of possible cosmological
evolutions depending on initial conditions. It is important to un-
derstand how the change of initial conditions can affect the phys-
ical features of the universe under consideration. The dependence
of dynamics of cosmological models on the initial conditions has
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construction of potentials providing a given cosmological evolution,
because it is important for the study of stability of cosmological
models. It would be interesting, in principle, to study also the be-
haviour of perturbation spectra and such parameters as ns and r
for ﬁxed potential but varying initial conditions. Our present work
is the ﬁrst step in this direction.
3. The dynamics of the cosmological model with α = 12
In order to achieve some simpliﬁcation of calculations we shall
consider a particular model, namely the one with the choice
α = 12 . As was mentioned above such a choice is compatible with
the observational data [17]. In this case
a(t) = a(0)e2S
√
t , (19)
and
V (φ) = 16S
4
(
√
3φ/2)4
− 32S
4
3(
√
3φ/2)6
. (20)
The Klein–Gordon equation reads
φ¨ + 3φ˙ sign(h)
√
1
2
φ˙2 + 16S
4
(
√
3φ/2)4
− 32S
4
3(
√
3φ/2)6
− 32
√
3S4
(
√
3φ/2)5
+ 32
√
3S4
(
√
3φ/2)7
= 0. (21)
This equation is equivalent to the dynamical system⎧⎪⎪⎪⎨
⎪⎪⎪⎩
φ˙ = x,
x˙ = −3x sign(h)
√
x2
2 + 16S
4
(
√
3φ/2)4
− 32S4
3(
√
3φ/2)6
+ 32
√
3S4
(
√
3φ/2)5
− 32
√
3S4
(
√
3φ/2)7
.
(22)
The qualitative analysis of dynamical systems in cosmology was
presented in detail in [24].
First of all, let us notice that the system has two critical points:
φ = ± 2√
3
, x = 0. We consider the linearized system around the
point with the positive value of φ:{
ϕ˙ = x,
x˙ = −3x sign(h) 4√
3
S2 + 32 · 3S4ϕ, (23)
where ϕ ≡ φ − 2/√3.
The Lyapunov indices for this system are (for h > 0)
λ1 = −8
√
3S2, (24)
λ2 = 4
√
3S2. (25)
For negative h, corresponding to the cosmological contraction, the
signs of λ1 and λ2 are changed. The eigenvalues are real and have
opposite signs, hence both the critical points are saddles. The uni-
verse being in one of these two saddle points means that it un-
dergoes a de Sitter expansion or contraction, according to the sign
of h, with the value of h = h0 given by
h0 = 4S
2
√
3
. (26)
For each saddle point there are four separatrices which separate
four classes of trajectories in the phase plane x, φ corresponding
to four types of cosmological evolutions.
In order to simplify the study of the dynamics let us note that
the potential is an even function of the scalar ﬁeld φ and that the
saddle points are also symmetrical with respect to the x axis. Thus,
it is suﬃcient to consider only one of this saddle points. We shallFig. 1. Plot of the potential V (φ) as given by Eq. (20). Here only the positive φ-axis
is shown, which is enough to understand the behaviour thanks to the parity of the
function. We have also delineated the four different dynamical behaviours of the
scalar ﬁeld, clearer to understand taking into account the phase portrait (see Fig. 2).
Fig. 2. Positive φ-axis phase portrait for the dynamical system (22) with h 0. The
four separatrices of the saddle point (α,β,γ , δ) individuate four regions (I, II, III, IV)
with different behaviours of the trajectories, as explained in the text.
carry out our qualitative analysis taking into account both Fig. 1,
giving the form of the potential, and Fig. 2, representing the phase
portrait in the plane φ, x.
First let us consider trajectories which begin at the moment
t = 0, when the initial value of the scalar ﬁeld is inﬁnite, its po-
tential is equal to zero and the time derivative of the scalar ﬁeld
is inﬁnite and negative. In terms of the Fig. 1 it means that we
consider the motion of the point beginning at the far right on the
slope of the potential hill and moving towards the left (i.e. towards
the top of the hill) with an inﬁnite initial velocity. Such a motion
for h > 0 describes a universe born from the standard Big Bang
singularity. Further details of this evolution depend on the asymp-
totic ratio between absolute values of φ˙ and φ at t → 0. If this
ratio is smaller than some critical value then the scalar ﬁeld does
not reach the top of the hill and at some moment it begins to roll
down back to the right. During this process of rolling down the
scalar ﬁeld increases, the potential is decreasing and the velocity
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sion works as a friction and at some moment its inﬂuence becomes
dominant causing an asymptotic damping to zero of the velocity.
The universe expands inﬁnitely with h(t) → 0. In the phase por-
trait (Fig. 2) such trajectories populate the region II. This region is
limited by the separatrices β and γ . The ﬁrst one corresponds to
the positive (for h > 0) eigenvalue λ2, while γ corresponds to λ1.
If the ratio φ˙/φ has the critical value, then the scalar ﬁeld reaches
asymptotically the top of the hill of the potential, meaning that the
universe becomes asymptotically de Sitter: in the phase portrait it
is nothing but the curve γ .
When the ratio introduced above is larger than the critical one
we encounter a different regime. In this case the scalar ﬁeld passes
with non-vanishing velocity the top of the hill and begins to roll
down in the abyss on the left. The absolute value of the negative
velocity φ˙ is growing, while the potential becomes negative and
at some moment the total energy density of the scalar ﬁeld van-
ishes together with the Hubble parameter h: this means that the
universe starts contracting. This contraction provides the growing
of the absolute value of the velocity of the scalar ﬁeld and the ki-
netic term again becomes larger then the potential one. Moreover,
both the terms in the Klein–Gordon equation increase the abso-
lute value of φ˙ < 0. One can easily show that the regime in which
the time derivative φ˙ becomes equal to −∞ at some ﬁnite value
of φ is impossible, because it implies a contradiction between the
asymptotic behaviour of different terms in Eq. (21). Thus, the uni-
verse tends to the singularity squeezing to the state with the value
of φ equal to zero and an inﬁnite time derivative φ˙. To understand
which kind of singularity the universe encounters, we need some
detail about the behaviour of the scalar ﬁeld. Let us suppose that,
approaching the singularity at some moment t0, the scalar ﬁeld
behaves as
φ(t) = φ0(t0 − t)μ, (27)
where 0 < μ < 1. Then the ﬁrst and second time derivatives are
φ˙(t) = −μφ0(t0 − t)μ−1, φ¨(t) = μ(μ − 1)φ0(t0 − t)μ−2. (28)
The potential behaves as
V = − 2048S
4
81φ60(t0 − t)6μ
. (29)
To have the Hubble variable well deﬁned we require that the ki-
netic term is larger than the absolute value of the negative po-
tential term (29), i.e. 2μ − 2−6μ, or μ 14 . Now two opposite
cases may hold: (i) the friction term in the Klein–Gordon equation
could dominate the potential term or (ii) the opposite situation.
For (i) to be the right case, one should require 2μ − 2 < −7μ or
μ < 29 . In this situation the asymptotic behaviour of the second
time derivative of φ should be equal to that of the friction term,
or, in other words μ − 2 = 2μ − 2, that is μ = 0, which obviously
is not relevant. Thus we have to consider the range 29 < μ
1
4 . In
this case the potential term should be equal to the second time
derivative of φ, which implies:
μ = 1
4
(30)
and
φ0 = 4
√
S
3
. (31)
Substituting the values of μ and φ0 into the expression for h(t),
we obtain
h(t) = − S√
t − t . (32)0Fig. 3. Phase portrait for the dynamical system under discussion (Eq. (22)) with
h 0, i.e. describing evolutions of the universe characterized by contraction. As for
the h-positive case, we can see the four separatrices of the saddle point and the
corresponding four regions of different dynamical behaviours of the trajectories.
Thus, we see that the singularity we are approaching is of the soft
Big Crunch type.
In the phase portrait (Fig. 2) these trajectories occupy the re-
gion III limited by the separatrices γ and δ. The cosmological
evolutions run from the Big Bang singularity to the soft Big Crunch
one. However, the Fig. 2 is not suﬃcient to describe the complete
behaviour of the universe under consideration, because at some
moment the Hubble variable changes sign and we should turn to
the Fig. 3, giving the phase portrait for the contracting universe
h < 0. Note that increasing the velocity φ˙ with which the scalar
ﬁeld overcomes the top of the hill, implies delaying the time when
the point of maximal expansion of the universe is reached.
The third regime begins from the soft Big Bang singularity,
when the scalar ﬁeld is equal to zero and its time derivative is
inﬁnite and positive. In Fig. 1 that situation is represented by the
point climbing from the abyss to the top of the hill. If the velocity
term is not high enough, at some moment the ﬁeld stops climbing
and rolls back down. During this fall the Hubble variable changes
sign and the universe ends its evolution in the soft Big Crunch sin-
gularity. The corresponding trajectories belong to the region IV of
our phase plane, bounded by the separatrices δ and α. The uni-
verse has its ﬁnite life time between the soft Big Bang and the soft
Big Crunch singularities. The situation when the scalar ﬁeld arrives
exactly to the top of the hill and stops corresponds to the separa-
trix α.
The fourth set of cosmological trajectories is generated by the
scalar ﬁeld climbing from the abyss and overcoming the top of the
hill with the subsequent inﬁnite expansion: the scalar ﬁeld is in-
ﬁnitely growing and the Hubble parameter tends to zero. These
trajectories occupy the region I and our original cosmological evo-
lution (9) belongs to this family.
4. Conclusion
Let us sum up our results. Wishing to describe a cosmological
evolution beginning from (or ending in) a singularity character-
ized by a non-vanishing initial (or ﬁnal) cosmological radius and
an inﬁnite value of the scalar curvature due to the inﬁnite value of
the Hubble parameter, we have constructed a scalar ﬁeld potential,
providing such an evolution. Then, using the methods of qualitative
analysis of the differential equations, we have shown that the pro-
posed model accommodates four different classes of cosmological
F. Cannata et al. / Physics Letters B 670 (2009) 241–245 245evolutions, depending on initial conditions. Numerical simulations
have conﬁrmed our predictions.
The main results of this work are: (i) the realization of a con-
crete cosmological model with a scalar ﬁeld, where ﬁnite cosmo-
logical radius singularities are present and (ii) the complete de-
scription of all the possible evolutions of this model depending on
the initial conditions. It is important to remark that, given the ﬁxed
scalar ﬁeld potential, one has different types of evolutions encoun-
tering different kinds of singularities. The trajectories, belonging to
the regions I and II have an inﬁnite time of expansion, while the
trajectories belonging to the regions III and IV begin and end their
histories in the singularities and have a ﬁnite lifetime.
Let us note, that there are some studies [11,13,14] devoted to
the general analysis of various kinds of new cosmological sin-
gularities. In this work we were not looking for an exhaustive
classiﬁcation of different possible cosmological models possessing
singularities, but rather we wanted to study in a complete way a
particular cosmological model, having some interesting properties,
and attracting growing attention in connection with the new ob-
servational data (see [17] and references therein).
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